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Let L be a finite geometric lattice of rank 4 (i.e., a planar space) such that any 
two planes of L meet in a line. There is a longstanding conjecture due to W. M. 
Kantor which states that every such lattice can be embedded into a projective 
space. If L is given as above, then for every point p E L, L/p is a projective plane of 
order n (independent of p). Recently, A. Beutelspacher has shown that if L has at 
least n3 points then L can be embedded into a projective space. We give an alter- 
native proof of his result, which applies to the more general class of finite locally 
projective planar spaces. Furthermore, our considerations lead to some more 
insight into the geometrical structure of a possible counterexample to Kantor’s 
conjecture. For example, they can be used to show that the bound on n3 is not 
tight. &? 1988 Academic Press. Inc. 
1. INTRODUCTION 
We assume the reader is familiar with the concept of geometric lattices 
(cf. [CR] for further information on this subject). We will mainly be 
interested in geometric lattices of rank 3 or 4, which are also known as 
linear or planar spaces, respectively. Therefore we will usually treat 
geometric lattices from a set-theoretic point of view rather than a lattice- 
theoretic one. Thus if p and 1 are a point and a line (resp.) of a geometric 
lattice, we write, e.g., “p E 1” rather than “p d 1.” 
Let us first consider geometric lattices satisfying the condition 
Any two planes intersect in a line. (*I 
There is a longstanding conjecture due to W. M. Kantor (cf. [K]) which 
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states that every finite geometric lattice of rank 4, which satisfies (*), can be 
embedded into a projective geometry by a rank- and suppreserving map 
(see [B] for further references). Note that finiteness plays an important 
role, since it is wellknown that every geometric lattice of rank 4 can be 
embedded into a (not necessarily finite) geometric lattice satisfying (*). 
If L is a geometric lattice and p is a point of L, then the quotient struc- 
ture L/p is called the contraction of p in L. If L is finite of rank 4, then (*) 
implies that L/p is a projective plane of order, say, n, with n independent of 
p. Recently, A. Beutelspacher (cf. [B]) succeeded in proving the following 
result: 
THEOREM 1.1. Zf L is a finite geometric lattice of rank 4 which satisfies 
(*), then either L can be embedded into a projective space or it contains at 
most n3 - 1 points, where n is the order of L. 
A geometric lattice is called locally projective, if L/p is a projective space 
for every point p of L. Thus, if L is of rank 4 and satisfies (*), then L is 
locally projective. In this paper we are going to derive a result on finite 
locally projective lattices of rank 4, which generalizes Theorem 1.1 Stronger 
results can be proven, if L is additionally assumed to be regular (i.e., if any 
two lines of L have the same number of points), cf. [DH]. 
2. POINTEXTENSIONS AND THE BUNDLE CONDITION 
If L’ is a geometric lattice and p is a point of L’, then L= L’\p denotes, 
as usual, the lattice obtained by deleting p. If L = L’\p, then L’ is also said 
to be a point extension of L. A linear subclass of L is a proper subset /%” of 
the copoints of L such that for every coline c of L the following holds: If 
two elements of 2 cover.c, then 2 contains all copoints covering c. The 
following is well known (cf. [CR or A, Theorem 6.53 and Exercise VI.3.91): 
THEOREM 2.1. There is a l-l correspondence between the point exten- 
sions of a geometric lattice L and its linear subclasses. Zf L’ = L v p is a 
pointextension of L, then the corresponding linear subclass consists of those 
copoints of L which are to containp. 
Now consider the set E(L) of linear subclasses of L. This can be ordered 
by inclusion to get a lattice (if one adds a l-element), which we denote 
again by E(L). Note that for x E L, the set of copoints of L containing x is 
an element of E(L). From this it follows easily that there exists a canonical 
embedding E: L -+ E(L). (This is in fact an antiisomorphism, mapping the 
copoints of L onto the single element linear subclasses of L.) 
Now let us consider the situation in case L is of rank 4 and satisfies (*). 
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Then E(L) is a linear space whose points correspond to planes of L and 
whose lines correspond to lines of L. Recall that E: L + E(L) is an embed- 
ding. Thus, in order to prove that L can be embedded in a projective space, 
it is sufficient (indeed, it is also necessary), to show that E(L) is a projective 
space. This amounts to showing that E(L) satisfies the following axiom for 
projective geometries: If a line intersects two sides of a triangle properly, 
then it also intersects the third. This may be restated as follows: Given four 
lines of E(L), no three of them concurrent, then it cannot happen that they 
intersect in precisely 5 points. If we translate this back to L, we are led to 
the following 
DEFINITION 2.2. Let L be a geometric lattice of rank 4. Then L is said 
to satisfy the bundle condition, if the following holds: Given four lines of L, 
no three of them on a common plane, then it cannot happen that precisely 
5 of the six pairs of lines are coplanar. 
Thus, L satisfies the bundle condition, if it does not contain a con- 
figuration as indicated in Fig. 1. (In matroid theory, this configuration is 
wellknown as “Vamos-matroid.“) 
Taking all this together, we may restate Theorem 1.1 as folows. 
THEOREM 1.1’. Let L be a finite geometric lattice of rank 4 satisfying (*). 
Then either L satisfies the bundle condition or it contains at most n3 - 1 
points, where n is the order of L. 
It is this result which we are going to generalize to locally projective 
lattices in Section 3. 
FIGURE 1 
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3. THE MAIN THEOREM 
In this section, let L be a finite locally projective geometric lattice of 
rank 4 and order n. Thus, if 1 is a line of L, then I is contained in precisely 
n + 1 planes. The number of points on a line I is denoted by 111. The 
following result is stated and proved under slightly more restrictive 
assumptions in [B]. 
LEMMA 3.1. Let I be a line of L. Then 
(i) III bnf 1 
(ii) 111 = n + 1 G 1 intersects every plane. 
(iii) 111 = n * I can be intersected with every plane (i.e., given a plane E 
such that En I = fa, there exist a pointextension L’ = L v p such that p lies 
on 1 and E in L’). 
ProoJ: Let 1 be a line of L. Choose any line I’ not coplanar to 1. Then 
for every point p on I there is a unique plane containing I’ and p. Since I’ is, 
contained in precisely n + 1 planes, this proves (i). The same argument can 
be used to prove (ii) and (iii): Let E, any plane not containing 1. Choose I 
on E, as above..Then, if (II = n + 1, 1 intersects every plane which contains 
I’, hence it intersects E,, and (ii) follows. If 111 = n, then there is a unique 
plane containing I’ which does not intersect 1. Let us call a plane E parallel 
to 1, if E either contains 1 or is disjoint from 1. Then one can show that 
3 := {E I E parallel to l> is a linear subclass of L (see below). The 
corresponding extension L’ = L u p is as required, i.e., 1 and E, intersect in 
L’. To see that 2 is a linear subclass, let E, E’ E 2’ such that En E’ = l’, a 
line of L. We have to show that 3 contains every plane which contains I’. 
Note that either 
(a) /=I’ or 
(b) 1 #I’ but 1 and I’ are coplanar. 
(For, if I and 1’ were skew lines, then there would be just one plane E 
containing I’ and parallel to 1.) 
If (a) holds, then, of course, every plane containing I’ is parallel to I, 
hence an element of 2’. 
So suppose that (b) holds and assume w.1.o.g. that E is the plane span- 
ned by I and I’ and that E’ E 3. is any other plane such that I’ = En E’ and 
E’ n I = @. Then, if E” is a third plane containing I’, E” must by disjoint 
from 1, for if p~fl1-11, then pEE”nE=l’, thus pElnI’ElnE’=@, a 
contradiction. Hence E” n I= 0, i.e., E” E 3. 1 
Now suppose that L does not satisfy the bundle condition; i.e., suppose 
that it contains a figuration as indicated in Fig. 1. Let E, denote the plane 
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spanned by g, and h,. Then g, cannot be intersected with E,. For, sup- 
pose it could and let L’ = L u p a point extension of L such that p is on g, 
and E, is in L’. Then p must be on E,, the plane spanned by g, and g,. 
Hence p E g, = E, n E,. Similarily, we conclude that p E&. From this it 
follows that p is on the two planes spanned by g, and hi, and h,, and h,. 
Hence p~h,. But then pe&,nh,, which is impossible since h, and hi are 
skews lines. Thus g, can indeed not be intersected with E,, and Lemma 3.1 
implies that lgil 6 n - 1. Similarily, one can see that, e.g., g, cannot be 
intersected with the plane spanned by h, and hi, thus 1 g,l <n - 1, too. 
This is the principal idea in proving our main theorem. 
THEOREM 3.2. Either L satisfies the bundle condition or it contains at 
most n3 - 1 points. 
ProoJ: Suppose that L contains a configuration as indicated in Fig. 1. 
Let E, denote the plane spanned by g, and ho. Choose any plane G, con- 
taining g, and different from E,. Similarily, let H be any plane containing 
h, and different from E,. Then, since L is locally projective, G and H are 
either disjoint or they intersect in a line, say, 1. In the latter case, our 
argument from above implies that 1 cannot intersect E,, hence 111 d n - 1. 
In total, there are at most n2 such lines obtained by intersecting planes 
through g, and h,, respectively. Clearly, these lines cover all points outside 
E,, which proves that there are at most n*(n - 1) such points. Next 
consider the n + 1 planes containing, say, g,. Take any such plane, say E. 
Then either E is disjoint from E,, or it intersects E, in a line 1. Again, we 
can easily find a plane E’ which cannot be intersected with 1 (For example, 
if I# h,, let E’ the plane spanned by g, and h,). Thus, there are at most 
FIGURE 2 
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y1+ 1 such lines, each containing at most n - 1 points. Clearly these lines 
cover E,, which proves that E, contains at most (n + l)(n - 1) points. 
Hence L contains at most (n’ + n + 1 )(n - 1) = n3 - 1 points. 1 
Note that our proof of Theorem 3.2 also provides some insight into the 
structure of a possible counterexample to Kantor’s conjecture (though I 
still do not believe that such counterexamples really exist). As we will see in 
Section 4, a close examination of the configuration indicated in Fig. 2 
shows that the bound of n3 - 1 for the number of points cannot be tight. I 
think that the arguments presented there can even be used to obtain a sub- 
stantial improvement (say, of O(n)) of this bound. However, I feel that it is 
hopeless to settle Kantor’s conjecture in this way, since it is easy to see that 
one can remove O(n3) points from a (Cdimensional) projective space of 
order n without destroying any line or plane. 
4. COUNTING POINTS MORE CAREFULLY 
Suppose that L contains a configuration as indicated in Fig. 2. Let 
G,, . . . . G, and HO, . . . . H, denote the planes through g, and h,, respectively, 
and assume that GO = H,, = E,, the plane spanned by g, and h,. Further, 
assume that G, (H,) is the plane spanned by g, and g, (h, and hi), cf. 
Fig. 3. It follows from the proof of Theorem 3.2, that L can have n3 - 1 
9, = h, 
FIGURE 3 
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points only if G,, . . . . G, and Hi, . . . . H, pairwise intersect in lines. So, 
suppose they do. In particular, let g, , . . . . g, be the lines of intersection of G, 
with H,, . . . . H,,, respectively, and let h,, . . . . It,, be the intersection of H, with 
G, , . . . . G,, respectively. Thus h, = g,. 
PROPOSITION 4.2. At least one of g,, . . . . h,, h,, . . . . h, contains at most 
n - 2 points. 
Proof Suppose not. Then any of these lines contains precisely n - 1 
points. Let p be any point on E, which is not on g, and not on h,. Let 
g = (g, v p) n E, be the intersection of E, with the plane spanned by g, 
and p and let h = (h, v p) n E,. Clearly g and h are both disjoint from g, 
and h,. (Indeed, they even cannot be intersected with them.) 
g# h. (1) 
Proof Since 1 g, / = n - 1, there are precisely n - 1 planes containing h, 
which intersect g,. h, v p is one of them, since the only two planes which 
do not intersect g, are G, and H,. Thus let g= (h, v p) A g,. If g= h, 
then grh, v p, thus q A gch, A p and hence gug,sh, A p, i.e., g, and 
h I are coplanar; contradiction! 
From now on it will be convenient to write “I v I’ = 1” instead of “I and 
[’ are not coplanar.” Similarily, “I v 1’ < 1” means “I and I’ are coplanar”: 
g, vh,=l for l<i<n. (2) 
Proof: Since ihll = n - 1, there exist n - 1 planes containing g, and 
intersecting h,. None of these can contain an hi, 1 < i < n, for otherwise h, 
and this particular hi would intersect, which is impossible. Apart from these 
n - 1 planes there are just G, and H, which contain g,. None of these can 
contain an hi, 1 < i < n, which proves (2). 
(2) shows that we can replace h, by hi for every 1 < i< n. Thus, by (1) 
we get that hi=(h,v p)nE,#g for every l<ii<. Fix any i, 2di<n. 
Then hi does not intersect g,. (F or, suppose hl n g,= q, then q is on 
g, v hi and h’ v hi, thus q is on g, and hi, implying that q is on g, and h,; 
contradiction!) Since /goI = n - 1, there are precisely 2 lines on E, which 
contain p and do not intersect g,. These are g and h. Since hi is one of 
them and hj # g, we see that hj = h, hence we have shown: 
hvhi<l for O<i<n. (3) 
Similarily we get 
gv g,<l for O<i<n. (3’) 
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Next we show 
h v h,<l. (4) 
ProoJ: h v hi, 0 <i< n, are n planes containing h. Of course, none of 
them meets h, (since otherwise h, would intersect some hi, 0 < i < n). Thus 
there is just one plane left to cover all points of h,. This must contain h,, 
thus (4) holds. Similarly we get 
gv g,<l. (4’) 
Since g, = h,, (4) and (4’) contradict each other and we are done. 1 
Thus, if L does not satisfy the bundle condition, it has at most n3 - 2 
points. 
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